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I. Introduction

R ECENT research works on improved performance materials
have addressed new materials, known as functionally graded

materials [1](FGMs), in which thematerial properties vary smoothly
and continuously from one surface of the material to the other
surface. These are high-performance, heat-resistant materials that are
able to withstand the ultrahigh temperatures and extremely large
thermal gradients that are used in fusion reactors and aerospace
industries. They maintain their structural integrity and avoid the
interface problem that exists in homogeneous composites. Thin-
walled structural members of aerospace and defense that are
subjected to dynamic load could encounter deflections of the order of
the shell thickness. The dynamic response of such shells may lead to
the phenomenon of dynamic snapping or dynamic buckling. Hence,
the nonlinear behavior of thin structural members, in particular,
spherical shells that form an important class of structural
components, has to be understood for their optimum design.

The investigation of such phenomenon that considers externally
applied pressure load has received considerable attention in the
literature: Budiansky and Roth [2] employed the Galerkin method,
Simitses [3] adopted the Ritz–Galerkin procedure, and Haung [4]
solved using finite difference scheme. Limited studies are also
available on dynamic buckling of orthotropic shallow spherical
shells [5,6]. It is further observed that similar available studies that
consider thermal impact are rather meager in the literature. The
studies pertaining to FGM shell structures are mainly limited to
thermal stress, deformation, and static analysis in the literature [7–9].
Work on vibration/dynamic stability of FGM shell structures is also
reported in the work of Ng et al. [10]. The vibration and parametric
instability analysis of functionally graded cylindrical shells under
harmonic axial loading have been carried out in [10,11]. However, to
the authors’ knowledge, work on the dynamic buckling behavior of

isotropic/orthotropic/functionally graded material spherical shells
suddenly exposed to thermal environment is rather meager in the
literature and such studies are important to the structural designers.

In the present work, the nonlinear dynamic thermal buckling of
functionally graded spherical caps is investigated using a three-
noded shear flexible axisymmetric curved shell element based on
field-consistency principle [6]. Geometric nonlinearity is assumed in
the present study, using vonKarman’s strain-displacement relations.
In addition, the formulation includes in-plane and rotary inertia
effects. The material properties are graded in the thickness direction
according to the power-law distribution in terms of volume fractions
of the constituents of the material. The nonlinear governing
equations derived are solved employing Newmark’s numerical
integration method in conjunction with the modified Newton–
Raphson iteration scheme. The critical dynamic buckling temper-
ature difference is taken as the temperature difference between the
shell surfaces corresponding to a sudden jump in the maximum
average displacement in the time history [2,12]. Numerical results
are presented that consider different values of geometrical parameter
and power-law index.

II. Formulation

An axisymmetric functionally graded shell of revolution (radiusa,
thickness h) made of a mixture of ceramics and metals is considered
with the coordinates s, �, and z along themeridional, circumferential,
and radial/thickness directions, respectively. The materials in the
outer (z� h=2) and inner (z��h=2) surfaces of the spherical shell
are ceramic and metal, respectively. The locally effective material
properties are evaluated using a homogenizationmethod that is based
on the Mori–Tanaka scheme [13,14]. The effective bulk modulus K
and shear modulusG of the functionally gradient material evaluated
using the Mori–Tanaka estimates [13–15] are given as

K � Km

Kc � Km

� Vc

��
1� �1� Vc�

3�Kc � Km�
3Km � 4Gm

�
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where

f1 �
Gm�9Km � 8Gm�
6�Km � 2Gm�

V is the volume fraction of the phasematerial, and the subscriptsm
and c refer to the ceramic andmetal phases, respectively. The volume
fractions of ceramic and metal phases are related by Vc � Vm � 1,
and Vc is expressed as

Vc�z� �
�
2z� h

2h

�
k

(2)

where k is the volume fraction exponent (k � 0).
The effective values of Young’s modulus E and Poisson’s ratio �

can be found from

E�z� � 9KG

3K � G
and ��z� � 3K � 2G

2�3K �G� (3)

The locally effective heat conductivity coefficient � is given as
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�c � �m
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�
(4)
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The coefficient of thermal expansion � is determined in terms of
the correspondence relation:

� � �m

�c � �m
�

�
1

K
� 1

Km

���
1

Kc

� 1

Km

�
(5)

The effective mass density � can be given by the rule of mixture as

��z� � �cVc � �mVm (6)

The temperature variation is assumed to occur in the thickness
direction only, and the temperature field is considered constant in the
x–y plane. In such a case, the temperature distribution along the
thickness can be obtained by solving a steady-state heat transfer
equation:

� d

dz

�
��z� dT

dz

�
� 0; T � Tc at z� h=2

T � Tm at z��h=2
(7)

The solution of this boundary-value problem provides the
temperature distribution through the thickness of the plate.

By using the Mindlin formulation, the displacements at a point
�s; �; z� are expressed as functions of themidplane displacements uo,
vo, andw, and independent rotations�s and�� of the radial and hoop
sections, respectively, as

u�s; �; z; t� � uo�s; �; t� � z�s�s; �; t�
v�s; �; z; t� � vo�s; �; t� � z���s; �; t� w�s; �; z; t� � w�s; �; t�

(8)

where t is the time.
Using von Karman’s assumption for moderately large

deformation, Green’s strains can be written in terms of middle
surface deformations:
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(9)

where the membrane strains f"Lpg, bending strains f"bg, shear strains
f"sg, and nonlinear in-plane strains f"NLp g inEq. (9) arewritten as [16]
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where r, R, and � are, respectively, the radius of the parallel circle,
the radius of the meridional circle, and the angle made by the tangent
at any point in the middle surface of the shell with the axis of
revolution.

The potential energy functional U can be written in terms of the
field variables u0, v0, wo, �s, ��, and their derivatives. The kinetic
energy includes the effects of in-plane and rotary inertia terms. The
governing equations obtained using Lagrange’s equation of motion
are solved based on finite element procedure. Using Eqs. (3–10) and
following the procedure outlined in the work of Rajasekaran and
Murray [17], the finite element equations thus derived are

�M�f ��g � ��K� � 1
2
N1���� � 1

3
�N2�����f�g � fFg (11)

where �K� and �M� are the linear stiffness and mass matrices,

respectively; �N1� and �N2� are nonlinear stiffness matrices that are,
respectively, linearly and quadratically dependent on the field
variables; fFg is the load vector, consisting of mechanical load fFMg
and thermal load fFTg; and f ��g and f�g are the acceleration and
displacement vectors, respectively. The three-noded finite element
employed here has five degrees of freedom �u0; v0; wo; �s; ��� per
node. The resulting nonlinear Eq. (11) is solved for dynamic
response histories employing Newmark’s numerical integration
method coupled with Newton–Raphson iteration. The dynamic
buckling loads are evaluated based on the displacement response
histories.

The criterion suggested by Budiansky and Roth [2] is employed
here, because it iswidely accepted. This criterion is based on the plots
of the peak nondimensional average displacement in the time history
of the structure with respect to the amplitude of the thermal load.
There is a temperature difference range at which a sharp jump in peak
average displacement occurs for a small change in load magnitude.
The temperature load that corresponds to the inflection point of the
load-deflection curve is considered to be the dynamic buckling
temperature difference.

III. Results and Discussion

In this section, we use the preceding formulation to investigate the
effect of parameters such as gradient index, geometric shell
parameter, and boundary condition on the dynamic buckling
temperature of functionally graded spherical caps. Because the finite
element used here is based on the field-consistency approach, an
exact integration is employed to evaluate all the strain energy terms.
The shear correction factor, which is required in afirst-order theory to
account for the variation of transverse shear stresses, is taken as 5=6.
For the present analysis, based on progressive mesh refinement, 15-
element idealization is found to be adequate for modeling the
spherical caps. For the sake of brevity, these studies are not reported
here.

The FGM spherical shell considered here consists of aluminum
and alumina. Young’s modulus, the conductivity, and the coefficient
of thermal expansion for alumina are [18] Ec � 380 GPa,
�c � 10:4 W=mK, and �c � 7:4 	 10�6 �1=
C�, respectively,
whereas for aluminum, these are Em � 70 GPa, �m � 204 W=mK,
and �m � 23 	 10�6 �1=
C�, respectively. The spherical shell is of
uniform thickness and boundary conditions considered here are, for
simply supported,

u� v�w� 0; �r ≠ �� ≠ 0 on r� a

and for clamped supported,

u� v� w� �s � �� � 0 on r� a

where a is the base radius.
Before proceeding to the dynamic thermal buckling characteristics

of FGM cases, the efficacy of the formulation is tested for the
problems for which the analytical solutions are available in the
literature [4,19,20]. Table 1 shows the linear critical thermal
buckling strain pertaining to simply supported isotropic hemi-
spherical shells, along with those of [19,20]. The nonlinear
formulation developed herein is also examined for clamped isotropic
(k� 0) spherical caps subjected to uniform external pressure of
infinite duration, and the results are shown in Fig. 1, along with those
of [4], for different values of the geometrical parameter
	� 2�3�1 � 
2��1=4�H=h�1=2, where H is the central shell rise. It is
inferred that the present results are in very good agreement with the
analytical solutions.

Next, the results for nonlinear dynamic thermal buckling analysis
of functionally graded spherical caps is presented in terms of critical
bucking temperature difference �Tcr��Tc � Tm�. For the chosen
shell parameter and power-law index of FGM, the thermal buckling
study is conducted for suddenly applied temperature load. The length
of response calculation time
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in the present study is varied between one and two, with the criterion
that in the neighborhood of the buckling, � is large enough to allow

deflection-time curves to develop fully. Eef � �1=2� R h=2
�h=2 E�z� dz

corresponds to the effective modulus of the corresponding gradient
index. The time step selected, based on the convergence study, is
�t� 0:002. The values selected for � and �� are of the same order as
that available in the literature [21,22].

The detailed investigation for dynamic buckling of clamped
functionally graded spherical caps is carried out for different
geometrical parameters and material power-law indices. A typical
nonlinear axisymmetric dynamic response history with time for a
clamped isotropic spherical shell parameter (	� 6, a=h� 400, and
k� 0) that considers temperature loads is shown in Fig. 2. Further,
using such plots, the variation of maximum average displacement
with applied temperature obtained is also highlighted as an inset in
Fig. 2 for predicting the critical temperature difference. It is seen that
there is a sudden jump in the value of the average displacement when
the temperature difference reaches the value �Tcr � 4:7492 for the
shell considered here.

The results evaluated for simply supported FGM spherical caps
(k ≠ 0) are shown in Fig. 3. It is revealed from this figure that with
the increase in power-law index k, the critical dynamic buckling
temperature difference �T decreases, irrespective of shell

geometrical parameter. This is attributed to the stiffness reduction
because of the increase in the metallic volumetric fraction and the
introduction of different stiffness couplings, due to elastic properties
variation through the thickness of the FGM shell. It can be also noted
that the rate of increase in the critical dynamic buckling temperature
difference with respect to the geometrical parameter 	 is almost
constant for shallow shells, whereas it highly depends on the deep
shell geometric parameter value. It can also be noted that the average
displacement increases gradually with an increase in temperature
load for low values of the geometrical parameter (	 < 5), indicating
the absence of a sudden jump in amplitude with temperature. For the
sake of brevity, these studies are not reported here. Such shells may
fail due to material failure. A linear static thermal buckling analysis
for FGM spherical caps is carried out to compare the nonlinear
dynamic thermal buckling behavior. It can be opined that the linear
static thermal buckling results (Fig. 4) are significantly higher than
the nonlinear dynamic buckling temperature difference. The
buckling behavior is qualitatively similar for both cases. However,

Table 1 Comparison of the critical thermal buckling strain "T for

simply supported isotropic hemispherical shells

h=R Eslami et al. [19] Ganesan and Ravikiran [20] Present

0.01 0.00413 0.00407 0.00424
0.02 0.00844 0.00844 0.00840
0.03 0.01120 0.01204 0.01251
0.04 0.01726 0.01624 0.01657
0.05 0.02149 0.02034 0.02052
0.06 0.02614 0.02379 0.02446
0.07 0.03162 0.02764 0.02844
0.08 0.03574 0.03164 0.03222
0.09 0.03991 0.03530 0.03584
0.10 0.04457 0.03927 0.03944
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unlike the nonlinear dynamic analysis case, the critical bucking load
monotonically increases with geometric parameters.

IV. Conclusions

Axisymmetric dynamic buckling analysis of functionally graded
spherical caps subjected to thermal load has been examined through
nonlinear transient dynamic response. A three-noded axisymmetric
curved shell element based on field-consistency principle has been
employed for this purpose. Numerical results obtained here for an
isotropic case that considers pressure load are found to be in good
agreement with the previous studies. From the detailed study, it is
observed that the critical dynamic buckling temperature difference of
a spherical cap decreases with the material power-law index and
increases, in general, with the shell geometrical parameters.
Furthermore, the influence of deep shell parameters is significant on
the critical values. It is hoped that this study will be useful for the
designers while optimizing the FGM-based shell structures exposed
to thermal environment.
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